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Abstract

A review of the traditional literature of the efficient frontier of mean-variance (MV) reveals
the development of an alternative to CAPM and the Capital Market Line, the re-elaboration
of atest to measure the efficient frontier without riskless assets, and the development of the
efficient frontier with short sales. These perspectives let us re-elaborate the concept of a
risky substitute portfolio that generates a profit equal to that of a riskless financial asset.
This papers develops some propositions for the formation of a portfolio that can substitute
for the riskless asset, but that is made up of risky assets and has set investment proportions.
Likewise, the paper analyzes the creation of a substitute for the market portfolio.

Keywords. Riskless asset, CAPM, mean-variance, efficient frontier

1. Introduction
The CAPM model is based on what is called the Security Market Line, and is represented by:

ER)=R-+4[ER,)-R] VieM
where B; = cov(R;,Ry)/var(Rm), M = Security Market. B; is the Beta of asset i, E(Ry) is the market
portfolio return, and Rg = the riskless interest rate.

We develop the Capital Market Line by investing % of our resources in the market portfolio
and (1-a)% in ariskless asset; the return of this new asset is:

Ri = (1 - )R + aE(Rny). Findly, in equilibirum, the Global Model is as follows:

E(Ri) = Re + (ci/lom) (E(Rm) - Re) where

oi = standard deviation of an asset’s return, and

om = Standard deviation of the market portfolio’s return.

In an early work, Black [1972] demonstrated that the model is verified even without a riskless
asset, or one having = 0. The model defines market portfolios as the percentage of risky assets |, for |
=1,... k and having B = 1 so that it satisfies the following relationship according to Jarrow, [1988]:

P =2 ot )/Z{Z xs}p(xk)

k
where Y P, =1
=1
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Thus, CAPM requires ariskless asset (p = 0) as well as risky assets from the market portfolio
(B = 1). With this article, we will show how a portfolio with a different definition of riskless and
market portfolios, and which can be substituted by other equivalent portfolios, can exist.

2. Substitute Portfolio of Riskless Assets

Using Markowitz’s [1958] definition of the efficient frontier of mean-variance (MV) Jarrow [1988]
lays out an aternative to CAPM and the Capita Market Line. He then offers us an interesting
perspective by using this same MV methodology to re-elaborate the Capital Market Line using non-
linear optimization. Kandel [1984] elaborates a test to measure the efficient frontier without riskless
assets. Elton and Gruber [1995] develop the case of the efficient frontier based on short sales and in
which classic methods of determination are described. We use these perspectives to re-elaborate the
concept of a substitute portfolio whose return is equal to the return of a riskless portfolio. Since our
methodology is based on the development of Sharpe’s initial Market Model [1964, 1970], we use the
following assumptions and propositions.

Assumptions

1. Supposethat CAPM and MV assumptions are met, and that there is a possibility for short sales.
2. Therearetwo risky assets (1 and 2) that have the following conditions:
2.1) These assets have the following returns when in equilibrium, i.e. lie along the Security
Market Line (SML), (Jarrow, pg. 223)
E(R1) = Re+ B1 [E(Rm) - Rl
E(R2) = Rr + B2 [E(Rm) - Re]
In general: E(R) = Rr + Bi [E(Rm) - Re]
2.2) When in equilibrium, i.elieaong SML, their total risks are given by (Sharpe,1970):
ol = Biez  and o) = pio,
In genera: 6;° = (Biom)? = Systematic risk.
2.3) When assets 1 and 2 are in equilibrium, i.e. lie dong SML, the covariances of these two
assets in function of the Betas of the CAPM model are as follows:. (See Appendix 1)
o(12) = (B/Br)/c’ = (B1Bzom’)
where 6%y, = market portfolio variance.
In general: o (i.j) = (Bi/B;)/o;®
Proposition |. By mixing risky assets, a portfolio can be made that generates a return equivalent to the
return of ariskless asset and which has zero risk. This portfolio includes a risky asset and is financed
with personal equity and debt or short sales.

Pr oof
We can create a portfolio with these two assets by investing x; and x, so that x; + X, = 1; the risk, c%,
can be minimized following the MV model, in other words:
O'c2 = (B0 )2 X12 +(1-% )z(ﬁzo'm )2 +2%,(1- %, ) (B, )O-ri (1)
By resolving the first order conditions dc°ydx;=0 and performing algebraic operations, the
following proportions are obtained: (See Appendix 2)
X*1=B2/(B2- Ba) )
X*2=-B/(B2- Ba) ©)
A portfolio having the proportions x*; and x*; has the following characteristics in expected
return, E(Ry), and risk, o2
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5, 2
E = E - ——|~IR E B B, - B,
(R)=[R + AER,) RF)](ﬂZ_ﬁI] [Re + £ (ER,) RF)J[ﬂz_ﬂlj

By rearranging, it can be shown that:
E(R;) = Rrand
02 = (B0 ) [Bol(B: ~ B + By V[ BB~ BT - 28,8 VB, — B ) VB )
By algebraic reduction, it can be shown that: 6% = 0
Therefore, a portfolio investing X 1 and X » in two assets has an expected return of Rg and arisk

equal to 6% = 0. In other words, this portfolio generates returns equivalent to a riskless rate and with
zero risk, which isthe same as investing all our personal equity in ariskless asset.

Investing and Financing Analysis of new portfolio

From x*; and x*,, it can be seen that, if x*1>1= x*»<0 or if x*;<0=x*2>1. So for any x*;>1, a
greater proportion of the resources available will be invested, being summarized as. x*1>1 =x*,<0 or
Xo* <O=>x*>1

We know that x; + X, = 1, and if x*; > 1 and x*, < 0, then: x*1 = x*2 + 1; this indicates
investment in the risky asset x*; and financing x*, with debt (or short sales) and one unit of personal
equity. In this case, x*; indicates the times that we must go into debt (or make short sales) per unit of
personal equity.

Supposing that we have $C, then the equation becomes the following:

x*1C = x*,C + C, or investment = financing

Summarizing:

Investment: x*,

Financing:

Debt (or short sale): x*»

Personal equity: 1

The debt (or short sale) is made at arisky rate of: Re + B2[E(Ry) - Re]; theinvestment in asset 1
generates a return of: Rg + B1[E(Rm) - Re]. Supposing that we can invest a total of $C of personal
equity, then the profit to be invested in a riskless asset is $ReC.

A riskless portfolio that is equivalent to investing in ariskless asset will be made up as follows:

Proportion Value

Investment X*q x*,C

Financing Debt or short sale X*, x*,C
Personal equity 1 C

Asset 1 Investment Earnings = x*1[Rg + B1(E(Rm) - Re)]

Financing Cost = x*,[Rr + B2(E(Rm) - Re)]

By replacing the values of x 1 and x > with X 1 = Ba/(B2 - P1) and x*2 = -Bo/(B2 - B1), we arrive
at: Net Utility = Investment Earning — Financing Cost = R¢

A particular case of x 1 and X », that is deduced from equations (2) and (3) is that, if asset i has
Bi = 0, then X1 = 1, which is the very definition of a riskless asset and coincides with the minimum
point of the Capital Market Line. This first proposition shows that an asset of ;=0 is not vital. It can be
replaced by an aternative portfolio that invests X 1 in risky assets, finances them with debt or short
sales plus personal equity, and can generate the same riskless return with null risk.
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3. A Substitute for the Market Portfolio

Proposition |1. According to the Security Market Line, alternative market portfolios, offering the same
risk and return as a market portfolio with B =1, can be made with risky assets whose Betas are not
equal to one.

Pr oof

a) Alternative market portfolios
The same assumptions hold asin Proposition I. In this case, it is necessary that:

X1E(R1) + (1 - x1)E(R2) = E(Rm), where E(R;)) = expected return of risky asset i when in
equilibrium according to CAPM, E(Ry,) = expected return of a market portfolio, and xi = proportion to
invest in risky asset i, having a known f3;.

Accordingly, a new portfolio is attempted that has the same expected market return risk,
mathematically implying the following:

MIN L = (510, )° + (1= % ) (B0, ) + 26,(1= %, ) o0 + X[E(Rm )—%E(R)-(1-x)E(R, )]

By solving for d6%/ox; = 0 and d6%JoA = 0, and by rearranging algebraically, the following
results are obtained for x; and x,: (See Appendix No. 3)

X*1=(B2- 1)/(B2- Ba) 4

X*2=(1-Ba)/(B2- Ba) (5

We can arrive at areturn of E(Rc) and arisk of o2 for a portfolio formed with x*; and x*»:

E(Rc ) = [RF + ﬁ1(E(Rm )_ RF )](ﬂz - 1)/(152 - ﬂl ) + [RF + ﬁZ(E(Rm )_ RF )](1_ 131 )/(ﬁz - ﬁl )

By arranging, we arrive at: E(R;) = E(Rm) and

2 _ po—1 2 2 1-5 i 2 z(ﬁz—lj[ 1—ﬁlj )
- (ﬂz_ﬁlj (ﬁlo-m) +(ﬁ2_ﬁ1J (ﬁZO-m) " ﬂz_ﬁl ﬁz_ﬁl (ﬁ1ﬂ20m)

By arranging, we arrive at: 6% = 6

In other words, the new portfolio formed of x'; and x ', has an expected return equal to the
return of aMarket Portfolio, E(Rm), and the same risk, 6%y, as this Portfolio.

We can see from (5) and (6) that, if B; = 1 in any case, al resources should be invested in this
asset. The situation used for the Security Market Line is a specific case of (5) and (6), in which thereis
an exact coincidence of this line with the efficient frontier

b) Investment and Financing of the Alter native Portfolio
b.1. Investment and personal equity
If0<x*1<1:>0<x*2<1,WhenB2>[31, [32>1,and1<B1<[32

In this case, we invest in x*; and x*»,, and finance everything with personal equity. If we have
$C of persona equity, then the investment in asset 1 is: [(B2 - 1)/(B2 - B1)]C and in asset 2 is: [(1 -
B1)/(B2 - B1)]C with an expected return of E(R.) = E(Ry) and a total risk of 6% = o?n. In other words,
thze return is equal to that of a market portfolio and the risk is equivaent to that of a market portfolio,
O m.

b.2. Investment and financing with debt (or short sales) plus personal equity.
We may see the following situations, depending on each asset’s Beta value:
X*1>1:>X*2<OOI’X*1<O:>X*2>1
In each of these two cases, we obtain a portfolio that has the following relationships:
X*1=x*,+1 if x*1>1land x*>,<0
orxX*;=x*1+1 if x*1<0and x*,>1
In general, if: x'; = X'} + 1, then a proportion of x; is invested in asset i, generating a return
equa to Re + Bi [E(Rm) - Re]. To finance this investment, we use one unit of personal equity plus debt
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or short sales in proportion x*,- at acost equal to Rr + B; [E(Rm) - Re]. This portfolio generates a return
of E(Rm) with arisk equal to 6%y,
In effect: by substituting the values of x*; and x* in the return function of the new portfolio,

we arrive at:
ﬂz -1 1_ﬂ1

E(Rc){ﬂz_ﬁj[& +B(ER,) - R )]{ﬁz_ﬁJ[RF +B,(ER,)-R)]

By arranging, we arrive at: E(Rc) = E(Ry). Regarding therisk, we arrive at: 6% = 6%,

Thus, we show how a portfolio including an investment in asset 1, financed with debt and
personal equity, has a risk of o’y and a return of E(Rm), which is equivalent to investing personal
equity alone in amarket portfolio with § =1.

4. The Efficient Frontier and Capital Market Line. A General Case

Both previously mentioned propositions are specific cases of a more general situation determining
aternative portfolios having any Beta other than zero or one, the respective values initially established
for riskless and market portfolios. In a more general formulation, Brennan [1971] focused on the
formation of portfolios with debt and borrowing at different interest rates by using the concept of the
efficient frontier. In an analogous approach, Jarrow [1988] focused on the efficient frontier and its
relationship with CAPM.

In this paper, we sought out alternative portfolios using Jarrow’s and Sharpe’s methodologies,
since both authors demonstrate market portfolios to be in the efficient frontier, and, therefore, efficient
portfolios. However, in general terms, the following question can be asked: Is there a tangency point
with the Capital Market Line for any efficient portfolio (or any portfolio within the efficient frontier)?
The answer, according to the methodological scheme of propositions | and I, is yes. The proof is as
follows:

Our ideaisto use two assets, having p=0 and +1, to form a portfolio subject to desired return,
Rg4. According to Lagrange’s conditions, the function to be minimized is:

L= Xf (ﬂlam)z + (1_ Xl)z(ﬁzo-m)z + le(l_ Xz)ﬁlﬂzgi + /I[Rd - X1R1 - (1_ Xl)Rz]
where the same assumptions hold as in propositions | and I1.
Using the First Order minimization conditions, we arrive at:

oL1ox, = 2X10-§1 [132 _:81]2 + Z[Rz - Rl]_ Zgriﬁz(ﬂz -p)=0

oLloA=R, - xR +xR,-R, =0

By solving for the two equations simultaneously, the results are the following: (See Appendix
No. 4)
,Bz _ (Rd — RF ) 1

= ith )
X; 5-5 (R-R) G h) with g, # f, YR, # Re ©
X = _ﬂl +(Rd_RF) 1
? Bo=B (Ry-R) (B- 1) (7

The portfolios created by following an investment strategy, be it for asset 1 or 2 (each of these
having B1 and B,), that generates a return equal to Rg + Bk (E(Rm) - Re) and is financed with personal
equity and short sales at a cost equal to Rr + Bi(E(Rm) - Re), are as much in the efficient frontier as the
Capital Market Line. Moreover, such portfolios have desired return of Ry and minimum risk.

In order to know that solutions (6) and (7) are in the efficient frontier, we must show that the
portfolio’s risk is at a minimum and unique.

In order to show that this portfolio is on the Capital Market Line (CML), we must show that it
offers the same desired return, Rq, and risk as a Portfolio in the Efficient Frontier.
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Pr oof

Itisknown that the CML is: R, = R. +—L(E(R,)- R:)

m

o; = Standard Deviation of alternative portfolio made up of the proportions x’1 and X, or:

= (% P (Buon)? + (1= % F (B0 ) + 2¢,(1- x; ), 8107

By replacing the values of x'; and x'», and performing algebraic operations, we arrive at:

o, = (Rd R] and
R.—Re
by replacing in the CML, we arrive at:

R -k 2R R)R g
J 70 (Ry—Rc)

In other Words R, = Rq, which in turn is equal to the return obtained in the Portfolio in the
Efficient Frontier. Therefore, by using the Efficient Frontier or the CML, we finance the alternative
portfolio by investing and financing with debt or short sales, and if CAPM is verified, then it has the
same return and risk. The Efficient Frontier and the CML, then, lead to the same conclusion.

We can also see that, in x'1 and X', if Ry = Rg, we arrives at the same conclusion as Proposition
[, in other words, the desired return of the portfolio is the riskless rate. Now, if Ry = Rm, then we arrive
at Proposition 11, the desired return of this formulation being the general case and Propositions | and |1
being specific cases. On the other hand, from the general expressions of x;' and X' we saw that the
definitions of the riskless Portfolio with 3 = 0 is avery specific case, as is the Market Portfolio with 3
= 1. Both portfolios can be created with assets having f=0 and B=1 and will achieve the same results,
as can be seen in this paper.

5. Investing and Financing the New Portfolio. General case
Proposition 11 has already shown that the new portfolio can have an asset, be it financed with debt or
short sales plus personal equity, based on the Investment = Financing identity, which breaks down into:
Investment (in Asset 1 or 2) = Debt (or short sale) + Personal equity.
If we have $C of personal equity, we may see the following three situations:
a0<x;,<land0<xp<1
In this case:
Investment (in $): x1C + x2C
Financing (in $): C
Or:xy C+x,C=C
b) X, >1and x,, <0
In this case:
Investment (in $): x,C
Financing (in $): x,.C + C
Or:xyC=x2C+C
C) X1, <0and xz, >0
In this case:
Investment (in $): x,C
Financing (in $): x;C+C
Or: x,C=x,C+C
The investments’ return and financing cost is as follows:
Thereturn of investinginasseti is. Re+ Bi(E(Rm)-Rp)  1=1o0r2
The financing cost for asset k is: Rg + Bk(E(Rm) - Re) k=21or2
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Personal equity return: Ry
The three situations mentioned above are directly derived from the relationship x;+x,=1, since
ifxg>landx;<0= X3 =X+l 0orx;<O0andx;>1=>x2=x1+1

We can see that the alternative portfolio can be widened for i = 1,... k; so long as the Lagrange
function is set out as follows:

L= O'mZX BE +20'2ZZ XX ,Bi,Bj+/1{Ra—Zk:xiRi}

i=1 j=1

We can clarify the above situations with the following example: there are two risky assetsin
which we may invest or make short sales.

Appendix N° 1
Relationship between oj; with Bim and Bjm
For the portfolio’s function of risk, we must know cij = f(Bim, Bjm,), where:
ci; = Covariance between the returns of asset i and j.
Bkm = Coefficient B between the returns of asset k and the market portfoliom, k = 1,...j

Pr oof

Assuming two assets, i and j, whose returns Ry have the following relationships:
R = (X,| + B|mRm (1)
R = aj + Bjm Rm @)

Where Ry, = Return of amarket portfolio.
For (1) and (2) we arrive at:

—a R, —«
R -RiZ% 4R —

" ﬂim " ﬂm
By balancing, we arrive at:
R-a R0
Bim Bim
By clearing R; we arrive at:
Jma' 'mal :Bim
R a +[ ﬁjm]R’ (3)
Likewise, it is known that a relationship can be established of the following type:
Ri=a,+ R,
Where:
G;

p= 2 “

O;
Of (3) it isknown that:

By clearing:
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_ ﬂim 2
o =—"0]
Bim
Because asset j isin equilibrium, then:
2
O-jz :( jmo—m)
From which we can see that:

_ 2
oy = Bim imOm

Appendix N° 2
Calculation of proportions x1 and x2 that minimize therisk of a portfolio with two risky assets
We know that:

ol =xX20l + X505 + 2X,X,0,,
Wheres? and o5, thevarianceof thereturnsof assets 1and 2, respectively, o,, = Covariance of
thereturnsof assetsland 2

We know that:

X2 =X -1 (fromx; +x2=1)

6% = (B1om)? (When in equilibrium, according to CAPM)
6% = (B2om)? (When in equilibrium, according to CAPM)
612 = P1P26°m (from Appendix 1)

Assets 1 and 2 are two risky assets.
So, the function to be optimized is:

O'c2 = Xf (:Blo'm )2 +(1- Xl)z(ﬂZO-m )2 + 2X1(1_ Xl)ﬂllﬁZO-ri
By using a minimization process, we arrive at:
oo’
ox =2X,(f100)% = 20=X,)(B,0,,)* + 2= X,) B, 5,07 = 2%, B, 3,01, = 0
1
By clearing for x1, the optimum value (x 1) for xy is:

Zo-rix1(ﬂ12 —2p5.5, + ﬂzz) = 20'51 (ﬂz2 - BifB>)

Since X3 + Xz = 1, then the optimum value for x; is:

. -5 )
X,=——— with g, #

? ,Bz - 131 ; '
We have shown that:

azo-c2

W=20'r2n(,51—ﬂ2)2 >0

So 6% in (X 1,X 2) isat aminimum.

Appendix N° 3
Calculation of an alternative market portfolio, investment proportions, and financing
We know that:
L =X (10,,)° + (1= %, )(B,0,, ) + 2X(1- X)B, 07 + }“[Rm - xR —(1-x, )Rz]
Where: Ry, = market portfolio return, with any Beta
A = Lagrange multiplier.
The assumptions of Appendix No. 2 are maintained.
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Our ideaisto try to find the X 1 and X » proportions that conform a portfolio having minimum
risk and a return equivalent to the return of a market portfolio Ry,. To do so, we calculate the Lagrange
multipliers, for which the First Order conditions are the following:

oLIox, = 2x,07, (B, —B)” + AR, ~R,]- 2078, (B, B,) =0
oLior=x%R,~R) - (R,—R,)=0
To solve this system of equations, we must use the following matrix procedure:

oloi=x(R,-R) - (R,-R,)=0

X1 A Constant
Zo'ri(ﬂz - B )’ R,-R, Zo'riﬁz(ﬁz - p1)
R,-R 0 R, - R,
1 Rz_R1 ,Bz
Zo'ri(ﬁz_ﬁ1)2 Bo— Py
0 ~(R,-R)’ PR -R) o
2028, — )’ b T

Based on thislast matrix, we can establish the following relationship between x; and A:

RZ_F\J). — ﬁZ 1

AN %ﬁ(ﬂz—ﬁl)z} b, b, @
“R,-RY ] AR-R)

A == - 2

Lafn(ﬂz—/af} b p TR @

by clearing A from (2) and substituting it in (1), we arrive at the following x; value:
X; R =Ry yith R,#R,

2
By replacing the returns of assets 1 and 2 with those obtained according to CAPM, we arrive at:
X = RF+ﬂ2[Rm_RF]_Rm
1
Re "‘ﬁz[Rm - RF]_ Re _:Bl[Rm - RF]

By reducing, we are left with the following:

. p,-1 :
X, =—— with g, =#p
' ﬂz*_ﬁl* ’ '
Sincex 1 +Xx 2=1, then
. 1-p; :
X, =——= withf, #
? ﬂz _ﬂl ’ '
The second order conditions imply that:
2
o,L(x,)= 2—5 =20 (B, — B,)? > O,therefore,it isa conditioned minimum.
Xl
Appendix N° 4

We took this formulation directly from Appendix No. 3, replacing the x ; vaue with the Ry, value for
Rgin X 1, or:

o = RetB[R R |-R,
' ﬂZ[Rm_RF]_ﬁl[Rm_RF]
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By arranging, we arrive at:
G

B2 =P (Rm_RF ) (ﬂzﬂ1)

Since x’1 +x’2 =1, then x> iS:
- _131 +(Rd_RF)_ 1

’ ﬁZ_ﬁl (Rm_RF) (ﬂZ_ﬂl)

X, =

with g, # 8, y R, % R,
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